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Abstract Complicated morphologies of directional solid-

ification structures attract a lot of theoretical studies and

commercial uses. As known, the boundary heat flux has an

important significance to the microstructures of directional

solidification. In this article, the interface evolution of direc-

tional solidification with different boundary heat fluxes is

discussed. In this study, only one interface has heat flow, and

Neumann boundary conditions are imposed at the other three

interfaces. From the calculated results, it is found that dif-

ferent heat fluxes cause different microstructures in the direc-

tional solidification. When the heat flux equal to 18 W/cm2,

the growth of lengthways side branches is accelerated and

the growth of transverse side branches is restrained. At the

same time, there is dendritic remelting in the calculating

domain. When the heat flux equal to 36 W/cm2, the growth

of the transverse side branches and the growth of the

lengthways side branches compete with each other. When

the heat flux equal to 90 or 180 W/cm2, the growth of

transverse side branches absolutely dominates. The tem-

perature field of dendritic growth is also analyzed and the

relation between heat flux and temperature field is found.

Introduction

The phase-field model has been used for computing the

solidification morphologies to avoid the explicit boundary

tracking needed to solve the classical sharp interface

model. An auxiliary variable, U, is introduced to indicate

the phases. U makes a continuous transition over a thin

diffuse interface from its value 0 in bulk solid to 1 in bulk

liquid. Alloy phase-field models have been formulated by

many scholars in the last 15 years. Wheeler et al. [1, 2]

introduced the phase-field model of binary alloy firstly,

which is called WBM model. This model was developed by

Wheeler and Boettinger [3–5]. In 1999, Kim et al. [6, 7]

gave another phase-field model by adopting thin interface

limit. Recently, Boettinger et al. [8] generalized the WBM

model, and gave a model fitting for regular alloy.

The directional solidification technology offers an

effective material preparation and forming method, and it

is extensively applied in practical fields. So, the theoretical

study of directional solidification is a central theme of

solidification researches. Kim and Kim [9] simulated a

rapid directional solidification under a constant thermal

gradient by a new phase-field model. Diepers et al. [10]

described numerical experiments to investigate the selec-

tion of primary dendritic spacing and transient condition.

Bi and Sekerka [11] studied the directional solidification

and concentrate on the transition between a planar interface

and steady shallow cells near the onset of morphological

instability at low growth speeds. Guo et al. [12] simulated

the structure evolution of Ti55Al45 alloy during directional

solidification. Costa Filho et al. [13] studied the wave-

length selection in two dimensions. Lan et al. [14–16]

studied the morphological instability during directional

solidification of a succinonitrile/acetone alloy. Singer et al.

[17] determined the morphology diagrams in two and three

dimensions for two different phase-field models. Mathis

Plapp [18] investigated three-dimensional phase-field

simulation of directional solidification. However, there are

few researchers studying the effect of heat flux on
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microstructures. In this article, the boundary heat flux is

investigated as a main subject. The microstructure of

directional solidification is obtained by changing the

boundary heat flux high or low. In the non-isothermal

simulation, the temperature field is the uppermost factor

affecting dendritic growth. Therefore the temperature-field

data are also given and analyzed in this article.

Mathematical model and numerical issues

The phase-field model is given in Refs. [4, 8], and the main

equations are given as follows.
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MU and MC are phase-field kinetic parameter. MA, MB,

WA, WB, and e0 are parameters of the phase-field model,

given by

MA ¼
TA
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TB
mbB

6LBdB
; ð12Þ
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3rB

dB
; ð13Þ

e2
0 ¼ 6rAdA; ð14Þ

where U is the phase field taking a value of 0 in the solid

and 1 in the liquid, c is the solute concentration, and T is

the temperature. F(c, U, T) is the volume-free energy, and

f(c, U, T) is the density of free energy. fA(U, T) and fB(U, T)

are the free energy density of the pure components A and

B. WA and WB are the energy barrier of the pure compo-

nents A and B. DT is the heat conductivity, Rg is the gas

constant, and vm is the molar volume. DL and DS are the

diffusivities in liquid and solid, respectively. rA and rB are

the interfacial energy of pure materials A and B, respec-

tively. bA and bB are the kinetic coefficients of pure

materials A and B, respectively. TA
mandTB

m are the melting

points of pure materials A and B, respectively, LA and LB

are the latent heat of pure materials A and B, respectively,

and dA and dB are the interface thickness of pure materials

A and B, respectively. r, k, and h are the parameters of

anisotropic property. XL and XS are the parameters of

regular solution, and it is ideal solution when both are

equal to 0. In our simulations, Ni–Cu alloy is used, which is

an ideal solution, and XL and XS both are equal to 0.

Because the thermal diffusivity is generally hundreds of

times higher than solute diffusivity, the solution procedure

of Eq. 3 should be based on macroscopical lattice. The

macroscopical lattice of temperature field is 10 times of

microscopic lattice in this article. �A is the area ratio of

microscopic-to-macroscopical lattice.

The finite difference numerical method is applied in all

the calculations, and a uniform mesh is used (with

1000 9 1000 grid points). The physical parameters of

Ni–Cu alloy consult Refs. [1, 19], and the following

parameters keep fixed: NX = NY = 1000, HNX = HNY =

100, rA = 3.7 9 10-5 J/cm2, rB = 2.9 9 10-5 J/cm2,

DL = 1.0 9 10-5 cm2/s, DS = 1.0 9 10-9 cm2/s, DT =

2.0 9 10-3 cm2/s; vm = 7.42 cm3/mol, LA = 2350 J/cm3,

LB = 1728 J/cm3, Rg = 8.314 J/mol, bA = 0.33, bB =

0.39, c = 0.04, k = 4, Dx = 3.0 9 10-6 cm, Dt = (Dx)2/

5DL, dA = Dx/0.8, dB = Dx/0.63, TA
m ¼ 1728 K; TB

m ¼
1358 K; �A ¼ 0:01: NX and NY are microscopic lattice

numbers of X and Y axes. HNX and HNY are macroscopical

lattice numbers of X and Y axes. The initial concentrations

of the melt, C0 = 0.4083 (at.%Cu), and the initial tem-

perature, T0 = 1574, are chosen. The zero-Neumann

boundary conditions for U and c are imposed at the

boundaries of the computational domain, and described by

oU=on ¼ 0; oc=on ¼ 0: However, the boundary with dif-

ferent heat fluxes is chosen in the temperature-field

calculation. There is a heat flux on the left boundary, which

is described by Q ¼ koT=on: The other three boundaries

are imposed zero-Neumann boundary condition. At the

initial time, two crystal nuclei are seeded in the left of the

calculating zone, and the central coordinates are (0, 200)

and (0, 800).
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Results and discussion

Growth of the crystal

As we know, heat flux has much to do with the micro-

structure of directional solidification, and this study

discussed the evolution of dendritic growth with different

heat fluxes. In the calculating zone, only the left boundary

is imposed steady heat flux, and the other three boundaries

have no heat flow.

Firstly, the heat flux is set to 18 W/cm2, which is a lower

heat flow. Figure 1 shows the evolutionary process with

four pictures of directional solidification. In the simulations

below, those arms growing parallel to X-axis are called the

transverse side branches and those parallel to Y-axis are

called the lengthways side branches. As shown in Fig. 1a,

two crystal nuclei, which are seeded in the left of the

calculating domain, begin to grow. There is a higher con-

densate depression at the left boundary because of heat

flow and heat diffusion, so the dendritic growth in the left

zone grows much quicker. There is a stochastic disturbance

at the interface of solid and liquid phases and many sec-

ondary arms appear. The competitive growth of transverse

side branch and the lengthways side branch is very

important to the microstructure of directional solidification

before the tree-like crystal goes steadily. Transverse steady

heat flux and heat diffusion are the main power of the

transverse dendritic growth, and the initial undercooling

and heat diffusion are the main power of the lengthways

side branch. Figure 1b and c shows the competitive process

of transverse side branches and lengthways side branches

before the steady growth. In the initial stage, the latent heat

released is less because the crystal nuclei are too small.

However, the latent heat released increases gradually along

with the growth of crystal grain. The temperature field and

gradient in front of the interface are the main factors in the

non-isothermal solidification. Because of the heat flux is

very small, the latent heat cannot release in time through

Fig. 1 Evolution process of

directional solidification with

the left boundary heat flux equal

to 18 W/cm2. a t = 0.2046 ms,

b t = 1.0230 ms,

c t = 2.2506 ms, and

d t = 3.6828 ms
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the left boundary. Therefore the growth of transverse side

branches is restrained. However, the growth of lengthways

side branches is quicker than the transverse ones because of

the initial overcooling. As shown in Fig. 1c, when the

lengthways secondary arms once grow bigger, the freezing

latent heat and solute diffuseness will further restrain the

growth of the transverse side branches. Figure 1d shows

the final result of competitive growth, and it can be clearly

seen that the transverse side branches are restrained by the

lengthways secondary arms. There is a much thicker solute

boundary layer between the arms. At the same time, the

temperature is higher in the freezing zone, where arms are

competitively growing. All these factors result in dendritic

arms to remelt, and this can be seen in Fig. 1d. This evo-

lution process also show the conversion process from

dendritic crystal to columnar crystals.

Secondly, we investigate the directional solidification

with a little stronger heat flux, say 36 W/cm2. The calculated

result is shown in Fig. 2. Figure 2a shows that two crystal

nuclei begin to grow and there is little difference when

compared with Fig. 1a. At 0.8184 ms, transverse arms and

lengthways arms begin to grow competitively, which is

shown in Fig. 2b and c. Because of the steady heat flux at the

left boundary, the latent heat is released in time. This affords

a certain power to the growth of transverse arms. At the

same time, the initial supercooling in front of the interface

also gives much power to the growth of lengthways arms. In

this way, the competitive growth of two directional dendritic

arms appears. As shown in Fig. 2b and c, the dendritic

crystals gradually become columnar crystals with the steady

heat flow at the left boundary. Figure 2d shows the final

growth of columnar crystals. It can also be seen that there is

thick solute layer in the arms, and the arms between the two

columnar crystals grow completely and restrain each other.

At the same time, there is obvious tertiary arms emergence

in the calculation zone. Thereby, transverse side branches

and lengthways side branches coexist when the heat flux

equal to 36 W/cm2.

Fig. 2 Evolution process of

directional solidification with

the left boundary heat flux equal

to 36 W/cm2. a t = 0.2046 ms,

b t = 0.8184 ms,

c t = 1.9096 ms, and

d t = 2.9326 ms
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Thirdly, Fig. 3 shows the evolution process of direc-

tional solidification with the heat flux equal to 90 W/cm2.

In this simulation, the heat flow is set much higher, and the

transverse diffuseness of heat flow takes the leading place.

Figure 3a shows when the two crystal nuclei grow for

0.2046 ms. Because of the higher steady heat flow and the

undercooling, the crystal nuclei gradually develop into

dendritic crystal. The transverse heat flux is much higher,

so the transverse arms have predominance and grow firstly.

Figure 3b and c shows that the growth of lengthways arms

are controlled by the transverse priority growth because the

transverse growth releases much latent heat and solute.

Figure 3b and c shows also the conversion process from

dendritic crystals to columnar crystals. The spacing of

columnar crystals is smaller than that of Fig. 1. Because of

the quicker rate of growth, the solute in front of the

interface has less time to diffuse, and the microsegregation

is higher than that of Fig. 1. Figure 3d shows the final

growth of columnar crystals. It can be seen from the figure

that the growth of columnar crystals is also a process of

competition and selection, and the preferential columnar

crystals completely grow with the initial columnar crystals.

The steady heat flow of boundary layer is the dynamic

force of columnar crystals growth. In this way, the higher

heat flow speeds up the invert speed of columnar crystals.

Lastly, in order to obtain the directional solidification

with the biggest heat flow, we set it to 180 W/cm2.

Figure 4 shows the evolution process. Because of the high

heat flow, the latent heat of phase transition has little effect

on the dendritic growth. The transverse heat diffusion

makes much higher temperature gradient for the transverse

arms growth in front of the interface, so the rate of growth

is high. From Fig. 4a, it can be seen that the growth of

crystal nuclei is quicker than any one above at the same

growing time. Figure 4b and c shows the competitive

growing process of columnar crystals. In this section, the

transverse small columnar crystals are produced straight-

way by the interface disturbance, and they competitively

Fig. 3 Evolution process of

directional solidification with

the left boundary heat flux equal

to 90 W/cm2. a t = 0.2046 ms,

b t = 0.6820 ms,

c t = 1.3640 ms, and

d t = 2.3188 ms
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grow with the initial columnar crystals. The spacing of

columnar crystals changes continually and gradually

becomes identical. The microsegregation is the most seri-

ous because of the biggest growing velocity. Figure 4d

shows the final microstructure of directional solidification.

Calculational data

The temperature field plays a very important role in non-

isothermal solidification, so we first analyze the temperature

distribution and varieties in the calculational zone. In order

to explain the problem expediently, we set the simulation

with heat flow equal to 18 W/cm2 to Sim 1, and so on.

Figure 5a and b shows the highest and lowest temperatures

at arbitrary time with different heat fluxes. The highest

temperature is general in the interface, where the phase

transition takes place and the latent heat is released. How-

ever, the location of the lowest temperature has two

likelihoods. If the heat flux is small, 18 W/cm2 for example,

the latent heat of phase transition cannot be completely

released through the left boundary. The temperature of the

calculational zone increases gradually with the time running

out. In this way, the location of the lowest temperature is in

the undercooling liquid phase far from the interface in the

initial stage. However, in the last stage the location is in the

left boundary layer. The reason is that the temperature of

liquid phase increases high enough, and phase transition

occurs slowly. At this time, the heat quantity has no choice

but to release through the left boundary layer. From Fig. 5, it

can be seen that the curves of the highest and lowest tem-

peratures versus time change variously with different heat

flow. The highest temperature of Sim 1 is higher than that of

others at any time, and the highest temperature of Sim 2 is a

little lower than that of Sim 1. The highest temperature of

Sim 3 and Sim 4 is the initial temperature in the initial stage,

because the latent heat is released from boundary in time.

However, some parts in the calculational zone are over-

heated in the last stage because the fraction of solid phase

Fig. 4 Evolution process of

directional solidification with

the left boundary heat flux equal

to 180 W/cm2.

a t = 0.2046 ms,

b t = 0.4774 ms,

c t = 1.0230 ms, and

d t = 1.7732 ms
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and freezing distance increase. The lowest temperatures of

Sim 1 and Sim 2 increase in the initial stage, and become

stable in the last stage. Nevertheless, the stable temperature

of Sim 2 is lower than that of Sim 1. The lowest temperatures

of Sim 3 and Sim 4 decrease in the initial stage, increase in

the middle stage, and continue to decrease in the last stage.

In the initial stage, the fraction of solid phase is small, the

temperature decreases gradually. With the fraction of solid

phase increasing, the curve of the lowest temperature has a

small wave crest in the middle stage. With the freezing

distance increasing, the latent heat cannot be released from

the left boundary in time, and the temperature continues to

decrease in the last stage.

Table 1 gives the calculated results of different heat

fluxes. It can be seen that the higher the heat flux is, the

smaller the growing time is, and the quicker the average

growing rate is. The latent heat is released in time with

higher heat flow and the growth of columnar crystals is

accelerated. Table 1 also gives the data of microsegrega-

tion. The ratio of segregation is the data that the biggest

concentration divided by the smallest concentration in the

calculational zone at given time. The ratio of segregation

increases gradually with the increase in heat flux. If the

heat flux is smaller, the velocity of dendritic growth is

smaller and the solute of liquid phase has enough time to

diffuse. So the ratio of segregation is smaller. However, if

the heat flux is higher, the columnar crystals grow so

quickly that the solute has no enough time to diffuse. In the

next place, the temperature is lower in the left boundary

zone because of the higher heat flux, the supersaturation

enhances, and the ratio of segregation increases. Lastly, the

grown columnar crystals hold back the interdendritic solute

diffusion, and the concentration between the columnar

crystals is higher. As given in Table 1, the average spacing

of columnar crystals becomes small with the heat flux

increasing. If the heat flux is small, the latent heat of phase

transition reduces the feasibility that the columnar crystals

come into being and grow up. With big heat flux, the talent

heat is released in time through the boundary. The big

supercooling and temperature gradient accelerate the

growth of columnar crystals.

In order to study temperature distribution further, the

macroscopical temperature field is anatomized along den-

dritic trunk and the position of cross section is shown in

Fig. 6. The temperature data of dendritic trunk are given in

Fig. 7. Figure 6 shows the macroscopical temperature field

of Sim 1 at 0.8184 ms. From the figure, it can be seen that the

temperature is higher where the phase transition takes place.

Figure 7 shows the data from Sim 1 to Sim 4 each at four

slices. Figure 7a shows the data of Sim 1. From the figure, it

can be seen that the temperature at the left boundary

increases quickly in the initial stage, and changes a little

when the temperature becomes stable in the last stage.

Because of adiabatic boundary condition, the liquid-phase

temperature in the right zone increases all the time and

reaches about 1577.3 K at 3.6828 ms. Figure 7b shows the
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Fig. 5 The highest and the lowest temperatures versus time: a the

highest temperature versus time; b the lowest temperature versus time

Table 1 Calculated results of different rates of heat flow

Sim 1 Sim 2 Sim 3 Sim 4

Heat flux (W/cm2) 18 36 90 180

Growing time (ms) 3.6828 2.9326 2.3188 1.7732

Average growing rate (cm/s) 0.7603 0.9548 1.2075 1.5791

Ratio of segregation 1.238 1.241 1.263 1.290

The average spacing of columnar crystals (cm) 0.168 0.072 0.034 0.018
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data of Sim 2. The temperature at left boundary increases

quickly in initial stage too, and a little falls in the last stage.

The higher temperature of liquid phase decreases the ratio of

phase transition and the temperature gradient increases. So

the temperature of left boundary has a slightly fall in the last

stage. Figure 7c and d shows the temperature distribution of

dendritic main trunk with higher heat flux. As shown in

Fig. 7c, the temperature of left boundary changes a little in

the initial stage, and gradually falls in the last stage. The

temperature of liquid phase decreases slightly, and increases

gradually in the last stage. Figure 7d shows the result of the

highest heat flux. From the four slice curves, it can be seen

that the latent heat is released through the boundary in time,

and there is little heat quantity accumulated in the liquid

phase. The temperature of left boundary decreases gradually,

and reaches 1565.5 K at 1.7732 ms. The temperature of liquid

phase changes a little, about only 1 K. As a whole, the solid

temperature gradient of dendritic main trunk is different with

different heat fluxes when the growth of dendritic crystal is

stable. The solid temperature gradients from Sim 1 to Sim 2

are, respectively, 0.50 9 10-3 K/cm, 0.83 9 10-3 K/cm,

1.70 9 10-3 K/cm, and 3.10 9 10-3 K/cm. The higher the

heat flux is, and the higher the solid temperature gradient of

dendritic main trunk is.

Conclusion

The heat flux does much to the growth of dendritic crystal.

The growth manner is dendritic crystals with the lower heat

Fig. 6 The abridged general view of cross section and the macro-

scopical temperature field with the heat flux equal to 36 W/cm2 at

0.8184 ms
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Fig. 7 The cross-sectional temperatures of dendritic main arbor at special times with different boundary heat fluxes. a 18 W/cm2; b 36 W/cm2;

c 90 W/cm2; d 180 W/cm2

752 J Mater Sci (2009) 44:745–753

123



flux, and the growth manner is columnar crystals with the

higher heat flux. The big heat flux changes the growth

manner from dendritic crystals to columnar crystals. When

the heat flow equal to 18 W/cm2, the growth of lengthways

arms is accelerated, and the growth of columnar crystals is

restrained. When the heat flow equal to 36 W/cm2, the

lengthways arms and transverse arms grow completely.

When the heat flow equal to 90 W/cm2, the lengthways

growth is restrained, and the growth of columnar crystals is

priority. When the heat flow equal to 180 W/cm2, the

columnar crystals change into the thinner columnar crys-

tals. At the same time, the higher the heat flux is, the

quicker the growing velocity is, the higher the ratio of

segregation is, and the smaller the average spacing of

columnar crystals is.

The heat flux also plays an important role in micro-

scopic temperature distribution. Microscopic temperature

field has much contribution to the growth of dendritic

crystal in non-isothermal solidification. The temperature in

the zone of phase transition is higher, and the growth of

dendritic crystals is along the direction in which the tem-

perature gradient is the biggest. The highest temperature

gradually increases with lower heat flux, but the highest

temperature keeps changeless for a long time with higher

heat flux. With lower heat flux, the lowest temperature

increases gradually in the initial stage, and changes a little

in the last stage. With higher heat flux, the lowest tem-

perature falls immediately, has a wave, and continues to

fall. From the cross-sectional temperature of dendritic main

trunk, it can be seen that with lower heat flux, the tem-

perature on the left boundary and the temperature in the

right liquid phase both increase, and the temperature con-

trast is smaller. With higher heat flux, the temperature on

the left boundary decreases gradually and the temperature

in the right liquid phase changes a little. The temperature

contrast is higher. At the same time, the solid temperature

gradients of dendritic main trunk are different with dif-

ferent heat fluxes when the growth of dendritic crystal is

stable. The higher the heat flux is, and the higher the solid

temperature gradient of dendritic main trunk is.
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